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The solution for a is given by:

» = (p2+2p)y>/[(ce/c)2-l]p2+2(ce/c)2p]
kc

x e ~ ce

Inversion yields:

aF0a(ft5) = -——

(17)

-5 )

-(cJc^2\ J0[l-(ce/c)2]

[l-(ce/c)2}

(18)

where

a=(l+(ce/c)2]/[l-(ce/c)2]

Discussion of Results
Equation (18) indicates that there are 2 stress waves

propagating down from the surface x = 0, as shown pictorially
in Fig. 1. The first stress wave propagates with the speed c. At
the surface of this wave front ;c=cr(or /3 = 5), the stress is
given by:

kc [l-(ce/c)2]

This stress wave decays in the same way as the thermal wave
front, and has the same magnitude as the thermal wave except
by the factor of 1/[1 - (ce/c)2]. A second stress wave with
propagation speed ce follows. This result is in contrast to the
conventional Fourier model which predicts the propagation of
only one stress wave which has a speed of ce (e.g., see Refs. 6
and 7).

As can be expected, under ordinary conditions, ce«c.
This 2-wave phenomenon will be significant only during a
very short transient. The first wave, like the thermal wave,
decays rapidly with time. It has been pointed out in Ref. 5 that
the difference in the surface temperatures between the Fourier
and non-Fourier model becomes less than 1 percent in about
t~0(5Qa/c2). However, at very low temperature, or when
the order of magnitudes of ce and c are comparable, this finite
heat propagation speed cannot be ignored. The relaxation
heat conduction equation must be used.
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Nomenclature
the expressionina constant

Ref. 5)
([(7-0/2] M2/(Tw/Te)}*
(Prt)>/2 {[(7-0/2] M2

e/(TJTe)}*
{(1 + 1(7-0/2] M2/(Tw/Te)\-\
((l+(/V,)1/2 [(7-0/2] M2/(Tw/Te)}-l
a constant in law of the wall (usually 5.1)
skin friction coefficient TW/(\ /2)peu2

= r w ( l - r j a ) (see

** _

U*
w
y
yd
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constant in mixing length (usually 0.4)
Mach number
pressure

= turbulent Prandtl number
'temperature
= velocity in streamwise direction
;(He/A) arcsin { [(2A2u/ue)-B]/(B2 + 442)'/2 }
(ue/A j ) arcsin { [(2A\u/ue)-Bl ] /(B\ + 4A 1

 2 )
friction velocity (TW /pw) l/l

w* +(ue/A) arcsin [B/(B2 + 4A2) 1/2 )
Coles universal wake function
coordinate normal to wall
ratio of specific heat
boundary-layer thickness
displacement thickness

-dy

V

n
p
T

ur
- momentum thickness
=y/d
= kinematic viscosity
= coefficient of wake function
= density
= shear stress

Subscripts
e — freestream conditions
0 = stagnation conditions
w = conditions at the wall

Introduction

THE wall-wake velocity profile has been used to re-
present turbulent boundary-layer profiles for both

adiabatic and nonadiabatic flows and for flows with or
without pressure gradients.1"5^ least squares fit of a wall-
wake velocity profile to an experimental velocity profile may
be used to determine C/ and d for the profile. An accurate
representation of the mean velocity distribution in the tur-
bulent boundary layer can be very useful in integral analyses
of turbulent flow problems. In the analysis of flows in which
strong interactions occur (as for example in shock wave boun-
dary-layer interactions) and in which combined viscid-inviscid
analyses are required, a profile which provides a good
representation of both Cf and 5 can be quite important. With
most earlier versions of the wall-wake profile, the velocity
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gradient at the boundary-layer edge has a nonzero value. The
values of 5 for these profiles may, as a consequence,
correspond to points in the flow where viscous effects are sub-
stantial, especially in very high-speed flows. The purpose of
this Note is to suggest a form of the wall-wake profile which is
applicable to flows with heat transfer, and for which
du/dy = 0 at y = 5. The modified profile, which takes into ac-
count the effect of turbulent Prandtl number, has been found
to provide a good representation of experimental data for a
wide range of Mach numbers and heat transfer. The C/ values
which are determined by a least squares fit of the profile to the
data agree well with values which were measured by the
floating element technique. In addition, the values of 6 deter-
mined by the fit correspond more closely to the outer edge of
the viscous flow region than those obtained with earlier ver-
sions of the wall-wake profile.

Velocity Profile
The difference between the profile to be discussed here and

some of the earlier versions is in the law-of-the-wall com-
ponent. Van Driest6 developed a compressible law-of-the-
wall under the assumption of a turbulent Prandtl number of
unity and a constant shear stress near the wall. It may be writ-
ten as

B = 1 ln^+C (1)

With the addition of a wake component, Eq. (1) becomes

Bu* ue 1— + — - arcsin - , , ,.
ur ur A (B2+4A2) /2

K 5 (2)

The left-hand side of this expression is the transformed
velocity U* which is used in Refs. 3 and 4.

The use of Eq. (1) in a wall-wake profile results in a non-
zero value of the velocity gradient at the boundary-layer edge.
If we assume, as in Ref. 5, that r may be expressed as T =
T w ( l - r j a ) , and, if for Pr, ^1 the temperature distribution
may be written as (T/TW) = l+B1(u/ue) ^A](u/ue)2 (see
Ref. 7), with (p/pw) =1/(T/TW), we may follow the
procedure used in Ref. 5 to obtain a wall-wake boundary-
layer velocity profile of the following form:

ue** ue 1 B}——— + — - arcsin——r—————
u, ur A (Bi2+4Ai2).

(3)

For a — o r , which corresponds to the assumption of a constant
shear stress distribution in the derivation of the compressible
law-of-the-wall, and for Pr, — 1 , w**-w*, as in Eq. (2). Set-
ting 7) = 1 in Eq. (3) yields the following expression for U/K:

n

1 bur _ , 0.614

+ 44,2)

aK (4)

For mathematical convenience1"3 we may replace W(r^) in
Eq. (3) by [l-cosrjTr] and write the wall-wake velocity

profile as

u (Bf
2+4A}

2)'/2 . 2A,'-B,
2A;2

sin{ [arcsin——~——^—— ]1 (B1
2+4A1

2)I/2*

X U + lM +-( /V) ' / 2

- — In [1
a

ur

K
r^U + cosipr)])

Results

(5)

The method of least squares has been used to fit the wall-
wake profile, Eq. (5), to experimental velocity profiles re-
ported by Hopkins and Keener,8 Voisinet and Lee,9 Horst-
man and Owen,10 and Kilburg11 for zero pressure gradient
flows with heat transfer. The wall-wake velocities were ob-
tained under the assumption of Pr, = 0.8 and a - 1, the latter
corresponding to the assumption of a linear shear stress
distribution in the derivation of the law-of-the-wall. K was
taken as 0.4 and C as 5.1. Data in the sublayer were excluded.
The results shown here are from studies for which directly
measured values of wall shear stress were reported.8"10 The
data reported in Refs. 8 and 9 were obtained on wind-tunnel
walls. The data of Ref. 10 are for flow along the cylindrical
surface of a cone-cylinder model whose axis was aligned with
the primary wind-tunnel flow direction.

Comparisons of the experimental and wall-wake profiles
are given in Fig. 1. Also shown on the figures are values of 5*,
0,Cf, and U/K as determined with the wall-wake profile. Ex-
perimental values of 6*, 6, and C/ as obtained from the
references also are listed. The wall-wake profile is seen to
provide a good representation of the experimental velocity
profiles. In addition, the C/ values determined by the fit of
the proposed profile agree reasonably well with the directly
measured values. For the data of Refs. 8 and 10, the values of
5 determined by the fit correspond to points in the flow at
which u/uet P0/P0e, and T0/T0 are essentially unity. If a is
set equal to oo in Eq. (5), the values of oo are on the order of
5% lower than for a = 1 and the values of u/ue, P0/P0e, and
oo are correspondingly lower. For reasons, which are not
known at this time, the value of <5 determined for the data of
Ref. 9 corresponds to a point in the flow at which u/ue
= 0.965, P0/P^ = 0.56, and T0/T0e =0.938, even though the
wall-wake proffle and the data agree very closely between the
wall and the value of 6 determined by the least squares fit. The
authors comment on the temperature and history effects in
some of their profiles. The rather low value of 5 may be
associated with these effects. For #-*oo, 5 is about 5% lower
than for a = 1.

The wall-wake values of 6* and 6 agree well with ex-
perimental values for the data of Ref. 10. The larger dif-
ferences for 6* and 6 for the data of Ref. 8 are because of dif-
ferences between the temperature distribution for the ex-
perimental profile and the distribution for the wall-wake
profile with Prt =0.8. In the case of the profile from Ref. 9,
the larger differences appear to result from the fact that the
velocity, total temperature, and total pressure continue to in-
crease well beyond the value of <5 determined by the least
squares fit.

The values of U/K shown in Fig. 1 were determined from
Eq. (4), assuming Prt =0.8 and a= 1 and with UT and 6 deter-
mined from the wall-wake fit. Note that the expression for UK
differs from that used in Refs. 2-4 by virtue of the inclusion of
the Prandtl number effect, through the term 0.614/0AT, and
by virture of the differences in ur and 5 which are obtained
with the modified profile. Although the pressure gradient was
zero for the three profiles shown, the values of U/K are quite
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Fig.l Velocity distributions in boundary layer with heat transfer.
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Fig.2 Comparison of generalized velocity defect for low-speed flow
and compressible flow with heat transfer.

different. The values varied considerably from profile to
profile for all of the data examined and generally tended to be
higher than for low-speed or compressible adiabatic flows.

The experimental profiles also may be plotted in the form
(W£*-«**)/WT vs .y/A, where A is analogous to the defect
thickness used by Gran et al.,4 in their comparison of cold-
wall, high-speed data with low-speed data12. Such a plot is
shown in Fig.2. Although the profile from Ref.9 deviates
from the low-speed results, the profiles from Refs. 8 and 10
correspond quite closely with the low-speed data. This
suggests that the latter two profiles were nearer equilibrium
than the former, which, in turn, may account for the fact that
the value of 5 determined for the profile from Ref. 9 does not
correspond as closely to the viscid-inviscid flow boundary as
was found for the other two profiles.
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General Thermal Constriction
Parameter for Annular Contacts

on Circular Flux Tubes
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Introduction

IN a recent paper,J a general expression was obtained
for constriction resistances due to , arbitrary flux

distributions over circular contact areas on a circular flux
tube. By means of the general expression, special cases such as
the isothermal and constant flux boundary condition could be
evaluated. This paper extends that mathematical development
to the more general case.of an annular contact area supplying
heat to a coaxial circular flux tube.

Problem Statement and Solution
An annular contact area of radii a, b (a < b) is situated on

the end of a solid circular cylinder of radius c (Fig. 1). The
long cylinder, whose thermal conductivity is /:, is perfectly in-
sulated except for the annular contact area where the flux is
prescribed. For the analysis to follow, a circular cylinder
coordinate system (ry z) is chosen, and the origin is placed on
the axis of the cylinder.

Since there is steady heat flow through the cylinder, the
governing equation is

32T dT 82T

and the boundary conditions are
z=0, 0<r<a,

a<r<b,
b<r<c,

-k(dT/dz) =
8T/dz = 0

(D

(2a)
(2b)
(2c)
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